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ON THE ALGEBRAIC STRUCTURE OF KILLING SUPERALGEBRAS
JOSE´ FIGUEROA-O’FARRILL AND ANDREA SANTI
Abstract. We study the algebraic structure of the Killing superalgebra of a su-
persymmetric background of 11-dimensional supergravity and show that it is iso-
morphic to a filtered deformation of a Z-graded subalgebra of the Poincare´ super-
algebra. We are able to map the classification problem for highly supersymmetric
backgrounds (i.e., those which preserve more than half the supersymmetry) to the
classification problem of a certain class of filtered deformations of graded subal-
gebras of the Poincare´ superalgebra. We show that one can reconstruct a highly
supersymmetric background from its Killing superalgebra; in so doing, we relate
the bosonic field equations of 11-dimensional supergravity to the Jacobi identity of
the Killing superalgebra and show in this way that preserving more than half the
supersymmetry implies the bosonic field equations.
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1. Introduction
Arguably the most interesting open problem in eleven-dimensional supergrav-
ity is the classification of (supersymmetric, bosonic) backgrounds. This problem
has a long pedigree. It started in the 1980s, where it took the form of the classific-
ation problem for Freund–Rubin backgrounds (and generalisations thereof) in the
context of Kaluza–Klein supergravity. The substantial progress made during this
time is fairly well documented in the review [1]. One problem with Freund–Rubin
EMPG-16-13.
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backgrounds from a Kaluza–Klein perspective is that the spacetime and the com-
pact extra dimensions have commensurate radii of curvature, but they resurfaced
in the 1990s as near-horizon geometries of branes, which is perhaps their most pop-
ular interpretation today. The advent in the mid-1990s of the “branes and duality”
paradigm led to a renewed effort in the study of supersymmetric backgrounds.
Many such constructions emerged, but by the end of the decade there was still no
systematic approach to the classification. Since the definition of a supersymmetric
background entails the existence of Killing spinors, which are parallel with respect
to a connection on the spinor bundle, an obvious approach is via the study of the
holonomy of that connection. A first step in that direction was taken in [2], which
studied purely gravitational supersymmetric backgrounds in terms of the possible
lorentzian holonomy groups of eleven-dimensional manifolds admitting parallel
spinors, but it was not clear how to re-introduce the flux in that approach. Indeed,
since the connection with nonzero flux is not induced from a connection on the
spin bundle, there are no theorems concerning the possible holonomy groups, ex-
cept that the generic (restricted) holonomy group is SL(32,R) [3]; although see, e.g.,
[4, 5, 6] for some of the groups that can appear.
One fares a little better starting not from the generic holonomy, but from the
trivial holonomy. In [7] the maximally supersymmetric backgrounds — i.e., those
with trivial (restricted) holonomy—were classified, recovering the knownmaxim-
ally supersymmetric backgrounds: the Freund–Rubin backgrounds [8, 9] and the
gravitational wave of [10], in addition to the trivial Minkowski background. At-
tempts to extend this classification to sub-maximally supersymmetric backgrounds
yielded some negative results: absence of backgrounds with precisely n = 31
[11, 12] and n = 30 [13], but the methods (based on so-called spinorial geometry)
become impractical already for n = 29. In fact, we do not even know the size
of the “supersymmetry gap”: the highest known sub-maximal background is a
pp-wave with n = 26 [14], but nothing is known about n = 27, 28, 29. Methods
of spinorial geometry (also confusingly known as G-structures) have also yielded
some information at the opposite end, with local forms of backgrounds for n = 1
[15, 16] in terms of ingredients (such as, Calabi–Yau 5-folds) which offer little hope
of classification.
In this paper we would like to propose a different approach to the classifica-
tion, based on the classification of the Killing superalgebra of the background. In-
deed, every supersymmetric supergravity background has an associated Lie su-
peralgebra which is generated by its Killing spinors. Its construction is reviewed
in Section 3.1 below. Its origin is lost in the mists of time and probably was already
understood, at least in special cases, in the early days of Kaluza–Klein supergrav-
ity. In more recent times, it made its appearance in the context of the AdS/CFT
correspondence [17, 18], brane solutions [19, 20, 21], plane waves [22, 23] and ho-
mogeneous backgrounds [24], with the general construction appearing for the first
time in [25] for d=11 and [26] for d=10 supergravities. Since then, a number of
other supergravity theories have been treated, such as d=6 [27], d=10 conformal in
[28] and d=4 (off-shell, minimal) in [29].
The Killing superalgebra has proved to be a very useful invariant of a super-
symmetric supergravity background. First of all, it “categorifies” the fraction of
supersymmetry preserved by the background. In addition it behaves well under
geometric limits, such as asymptotic and near-horizon limits, but also plane-wave
limits. It also underlies the (local) homogeneity theorem [25, 26, 30, 31, 27] which
states that a supergravity background preserving more than half of the supersym-
metry is (locally) homogeneous, which is one of the few general structural results
known about supersymmetric supergravity backgrounds.
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The purpose of this paper is to show that the Killing superalgebra has a very
precise algebraic structure — one which had passed unnoticed until recently —
and to derive some of its consequences. In particular, we will show that the Killing
superalgebra is a filtered deformation of a Z-graded subalgebra of the Poincare´
superalgebra. Let us explain this statement.
Let (V ,η) denote the lorentzian vector space on which Minkowski space is mod-
elled, so(V) the Lie algebra of the Lorentz group and S its spinor representation. In
our conventions the inner product η has signature (1, 10), i.e., it is “mostly minus”,
and S ∼= R32 is an irreducible module of the Clifford algebra Cℓ(V) ∼= 2R(32).
(There are two suchmodules up to isomorphism, and they are equivalent as so(V)-
representations. We have chosen the module for which the centre acts nontrivially;
that is, for which the action of the volume element vol ∈ Cℓ(V) is vol ·s = −s for all
s ∈ S.) We recall that S has an so(V)-invariant symplectic structure 〈−,−〉 satisfying
〈v · s1, s2〉 = − 〈s1, v · s2〉 ,
for all s1, s2 ∈ S and v ∈ V , where · refers to the Clifford action.
The Poincare´ superalgebra p has underlying vector space so(V)⊕S⊕V and nonzero
Lie brackets given by the following expressions, for A,B ∈ so(V), v ∈ V and s ∈ S:
[A,B] = AB− BA, [A, s] = σ(A)s, [A, v] = Av, [s, s] = κ(s, s). (1)
Here σ is the spinor representation of so(V) and κ(s, s) ∈ V is the Dirac current of s,
defined by
η(κ(s, s), v) = 〈s, v · s〉 , (2)
for all v ∈ V . One important property of the Dirac current κ : ⊙2S → V is that
its restriction to a subspace ⊙2S ′ is still surjective on V , provided that the vector
subspace S ′ ⊂ S has dimension dim S ′ > 16. We shall refer to this linear algebraic
fact as “local homogeneity”, due to the crucial roˆle it plays in the proof of the local
homogeneity theorem of [31].
If we grade p by declaring so(V), S and V to have degrees 0, −1 and −2, respect-
ively, then the above Lie brackets turn p into a (Z-)graded Lie superalgebra
p = p0 ⊕ p−1 ⊕ p−2, p0 = so(V), p−1 = S, p−2 = V .
TheZ2 grading is compatible with theZ grading, in that p0¯ = p0⊕p−2 and p1¯ = p−1;
that is, the parity is the reduction modulo 2 of the Z degree.
Let now a < p be a graded subalgebra that is, a = a0 ⊕ a−1 ⊕ a−2, with ai ⊂ pi.
Recall that a Lie superalgebra g is said to be filtered, if it is admits a vector space
filtration
g• : · · · ⊃ g−2 ⊃ g−1 ⊃ g0 ⊃ · · · ,
with ∪igi = g and ∩igi = 0, which is compatible with the Lie bracket: that is,
[gi, gj] ⊂ gi+j. Associated canonically to every filtered Lie superalgebra g• there
is a graded Lie superalgebra g• =
⊕
i gi, where gi = g
i/gi+1. It follows from the
fact that g• is filtered that [gi, gj] ⊂ gi+j, hence g• is graded. We say that a Lie
superalgebra g is a filtered deformation of a < p, if it is filtered and its associated
graded superalgebra is isomorphic (as a graded Lie superalgebra) to a. If we do
not wish to mention the subalgebra a explicitly, we simply say that g is a filtered
subdeformation of p. The first main result of this paper is the following, which is
part of Theorem 12. That theorem is in turn part of the more general Theorem 13
in Section 3.3.
Theorem. The Killing superalgebra k = k0¯ ⊕ k1¯ of an 11-dimensional supergravity back-
ground (M,g, F) is a filtered subdeformation of the Poincare´ superalgebra p.
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Although by “background” one typically means a solution of the (bosonic) field
equations, the above result actually only uses the form of the Killing spinor equa-
tion and the fact that F ∈ Ω4(M) is closed. A natural question of long standing is
whether some amount of supersymmetry implies the bosonic field equations. It
is known to be the case for maximal supersymmetry: the bosonic field equations
are equivalent to the vanishing of the Clifford trace of the gravitino connection,
whereas maximal supersymmetry is equivalent to flatness. It is also known to fail
for 6 1
2
-BPS backgrounds, but it has long been suspected that there is some crit-
ical fraction of supersymmetry which forces the equations of motion. We give a
positive answer to this question in this paper, where in Section 5.2 we prove the
following theorem (see Theorem 23).
Theorem. Let (M,g, F) be an 11-dimensional lorentzian spin manifold endowed with a
closed 4-form F ∈ Ω4(M). If the real vector space
k1¯ =
{
ε ∈ Γ($)
∣∣ ∇Xε = 124 (X · F− 3F · X) · ε}
of Killing spinors has dimension dim k1¯ > 16, then (M,g, F) satisfies the bosonic field
equations of 11-dimensional supergravity.
The above condition on the dimension of the space of Killing spinors is crucial to
many of our results and we have tentatively given it the name of “high supersym-
metry”. We will therefore refer to “highly supersymmetric backgrounds” when
talking about backgrounds preservingmore than half of the supersymmetry. Sim-
ilarly, we will say that a filtered subdeformation g = g0¯ ⊕ g1¯ is “highly supersym-
metric” if dim g1¯ > 16.
The two theorems quoted above suggest an approach to the classification of
highly supersymmetric backgrounds via the classification of their Killing super-
algebras, which as mentioned above are (certain) filtered subdeformations of the
Poincare´ superalgebra. A first step in such a research programme was taken in
[32, 33], where we recovered the classification in [7] of maximally supersymmet-
ric supergravity backgrounds. We also refer to the introduction in [32] and to
[34, 35, 36, 37] for more details on the underlying geometric interpretation of the
Killing superalgebra in the context of “nonholonomic” G-structures on superman-
ifolds.
Of course, there is no reason to believe that any filtered subdeformation of the
Poincare´ superalgebra is the Killing superalgebra of a supersymmetric background
and one of the aims of this paper is to characterise algebraically those filtered
subdeformations which are Killing superalgebras of highly supersymmetric back-
grounds. It would be interesting to characterise the filtered deformations which
are Killing superalgebras of supersymmetric backgrounds, regardless the amount
of supersymmetry preserved, but we don’t do that in this paper.
Thus we will narrow down the class of filtered subdeformations g = g0¯ ⊕ g1¯ to
those which are highly supersymmetric (dim g1¯ > 16) and which satisfy additional
criteria set out in Definition 9. These criteria essentially amount to demanding that
g should be constructed out of a closed 4-form in a way consistent with supergrav-
ity. We will say that those highly supersymmetric filtered subdeformations are
(geometrically) realizable.
The Killing superalgebra of a highly supersymmetric background is realizable
(see Theorem 12). Conversely, if a highly supersymmetric filtered subdeformation
g is realizable, it is then possible to reconstruct a background whose Killing super-
algebra contains g. This result is contained in a partial converse of the first quoted
theorem above, which also forms part of Theorem 13.
ON THE ALGEBRAIC STRUCTURE OF KILLING SUPERALGEBRAS 5
Theorem. Any realizable highly supersymmetric filtered subdeformation g of the Poincare´
superalgebra p is a subalgebra of the Killing superalgebra of a highly supersymmetric 11-
dimensional supergravity background.
We make no claims about the existence of a similar result when we drop the
“highly supersymmetric” condition: our reconstruction theorem requires (local)
homogeneity, which only high supersymmetry guarantees.
As a consequence of these results we will be able to map the classification prob-
lem of highly supersymmetric backgrounds of 11-dimensional supergravity to the
classification problem of (maximal) realizable highly supersymmetric filtered sub-
deformations of the Poincare´ superalgebra. A refined version of this approach,
where we restrict to the classification of Killing ideals (see below), corresponding
to classifying realizable highly supersymmetric filtered subdeformationswhich are
odd-generated, seems slightly more tractable.
This paper is organised as follows. In Section 2 we summarise the basic notions
and results about filtered deformations of Lie superalgebras and in particular of
the Poincare´ superalgebra. We also define the notion of a (highly supersymmetric)
realizable filtered subdeformation, since those are the ones which can correspond
to Killing superalgebras of highly supersymmetric 11-dimensional supergravity
backgrounds. In Section 3.1 we review the geometric construction of the Killing
superalgebra and in Section 3.2 we prove that the Killing superalgebra is a filtered
subdeformation of p. In Section 3.3, we prove our first main result: Theorem 13.
In Section 4 we consider the Jacobi identity of the Killing superalgebra and define
the classification problem for highly supersymmetric Killing superalgebras as the
classification of realizable highly supersymmetric filtered subdeformations. We
then describe the latter in terms of simpler objects. In Section 5 we relate the Jacobi
identity to the supergravity field equations. We first recall some useful algebraic
and differential identities from [15, 16], and then show that high supersymmetry
implies the field equations (see Theorem 23). We concludewith some observations.
2. Preliminaries on filtered deformations
Let p be the Poincare´ superalgebra. In this section we discuss filtered deforma-
tions of its Z-graded subalgebras.
2.1. Basic definitions and results. Let a = a0⊕a−1⊕a−2 be a Z-graded subalgebra
of p, where a−2 = V ′ ⊂ V , a−1 = S ′ ⊂ S and a0 = h is a Lie subalgebra of so(V).
We denote the negatively graded part of a by a− = a−1 ⊕ a−2; in particular p− =
p−1 ⊕ p−2, p−2 = V and p−1 = S, is the usual (2-step nilpotent) supertranslation
ideal of the Poincare´ superalgebra.
Definition 1. The subalgebra a of p is called highly supersymmetric if dim S ′ > 16.
We recall that a Z-graded Lie superalgebra a = ⊕ap with negatively graded part
a− = ⊕p<0ap is called fundamental if a− is generated by a−1 and transitive if for
any x ∈ ap with p > 0 the condition [x, a−] = 0 implies x = 0. It is not hard to
exhibit graded subalgebras a of p for which S ′ has dimension 16 and V ′ is a proper
subspace of V . On the other hand, we have the following
Lemma 2. Let a be a highly supersymmetric graded subalgebra of p. Then a−2 = V and a
is fundamental and transitive.
Proof. The algebraic fact underlying the local homogeneity theorem in [31] says
precisely that the image of κ restricted to S ′ ⊗ S ′ equals V if dimS ′ > 16 . It follows
that a−2 = V and a is fundamental. The transitivity of a follows from the fact that
V is a faithful representation of any Lie subalgebra of so(V). 
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To proceed further, we first need to recall the definition of an appropriate com-
plex associated with a. It is called the (generalised) Spencer complex and it is a
refinement (by degree) of the usual Chevalley–Eilenberg complex of a Lie superal-
gebra.
Table 1. Even q-cochains of small degree
q
deg 0 1 2 3 4
0 h
S ′ → S ′
V ′ → V ′
⊙2S ′ → V ′
2 V ′ → h
Λ2V ′ → V ′
V ′ ⊗ S ′ → S ′
⊙2S ′ → h
⊙3S ′ → S ′
⊙2S ′ ⊗ V ′ → V ′
⊙4S ′ → V ′
4 Λ2V ′ → h
⊙2S ′ ⊗ V ′ → h
Λ2V ′ ⊗ S ′ → S ′
Λ3V ′ → V ′
⊙4S ′ → h
⊙3S ′ ⊗ V ′ → S ′
The cochains of the Spencer complex of a are linear maps Λqa− → a or, equival-
ently, elements of a⊗Λqa∗−, where Λ
• is meant here in the super sense. We extend
the degree in a to such cochains by declaring that a∗p has degree −p. The spaces in
the complexes of even cochains for small degree are given in Table 1; although for
degree d = 4 there are cochains also for q = 5, 6which we omit.
Let Cd,q(a−, a) be the space of q-cochains of degree d. The Spencer differential
∂ : Cd,q(a−, a) → C
d,q+1(a−, a)
coincides with the restriction of the Chevalley–Eilenberg differential for the Lie
superalgebra a− relative to its module awith respect to the adjoint action.
For q = 0, 1, 2 and d ≡ 0 (mod 2), the Spencer differential is explicitly given by
the following expressions:
∂φ(x) = [x,φ] (3)
∂φ(x,y) = [x,φ(y)] − (−1)|x||y|[y,φ(x)] − φ([x,y]) (4)
∂φ(x,y, z) = [x,φ(y, z)] + (−1)|x|(|y|+|z|)[y,φ(z, x)] + (−1)|z|(|x|+|y|)[z,φ(x,y)]
− φ([x,y], z) − (−1)|x|(|y|+|z|)φ([y, z], x) − (−1)|z|(|x|+|y|)φ([z, x],y), (5)
where |x|, |y|, . . . are the parity of elements x,y, . . . of a− and φ ∈ Cd,q(a−, a) with
q = 0, 1, 2, respectively.
We say that a Z-graded Lie superalgebra a with negatively graded part a− is a
full prolongation of degree k if Hd,1(a−, a) = 0 for all d > k (see [38]).
Lemma 3. Let a be a highly supersymmetric graded subalgebra of p. Then a is a full
prolongation of degree 2 and Hd,2(a−, a) = 0 for all even d > 4.
Proof. Since a is fundamental, many of the components of the Spencer differential
turn out to be injective. For instance every φ ∈ C2,1(a−, a) = Hom(V , h) satisfies
∂φ(s1, s2) = −φ(κ(s1, s2)) for all s1, s2 ∈ S ′ so that φ = 0 is the only cocycle and
H2,1(a−, a) = 0. If d > 2 the space of cochainsCd,1(a−, a) = 0 and first claim follows.
If φ ∈ C4,2(a−, a) = Hom(Λ2V , h), one has ∂φ(s1, s2, v) = −φ(κ(s1, s2), v) where
s1, s2 ∈ S
′ and v ∈ V . In particular ker∂|C4,2(a−,a) = 0 and H
4,2(a−, a) = 0. If d > 4
then Cd,2(a−, a) = 0 and last claim follows. 
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Let g be a filtered deformation of a graded subalgebra a = h ⊕ S ′ ⊕ V ′ of p. It
satisfies [gi, gj] ⊂ gi+j, where the filtration g• is
g• : g = g−2 ⊃ g−1 ⊃ g0 ⊃ 0, g−1 = h⊕ S ′, g0 = h,
hence its Lie brackets take the following general form
[A,B] = AB− BA
[A, s] = σ(A)s
[A, v] = Av+ δ(A, v)
[s, s] = κ(s, s) + γ(s, s)
[v, s] = β(v, s)
[v,w] = α(v,w) + ρ(v,w),
(6)
for some maps α ∈ Hom(Λ2V ′,V ′), β ∈ Hom(V ′ ⊗ S ′,S ′), γ ∈ Hom(⊙2S ′, h) and
also δ ∈ Hom(h⊗V ′, h) of degree 2 and a map ρ ∈ Hom(∧2V ′, h) of degree 4, where
A,B ∈ h, s ∈ S ′ and v,w ∈ V ′.
Definition 4. The filtered deformation g of a is called highly supersymmetric if a is
highly supersymmetric; that is, if dim g1¯ = dim S
′ > 16.
To introduce the notion of isomorphism between filtered subdeformations of p,
we note that the spin group Spin(V) naturally acts on p = so(V)⊕S⊕V by 0-degree
Lie superalgebra automorphisms. In particular any element g ∈ Spin(V) sends a
graded subalgebra of p into an (isomorphic) graded subalgebra of p.
Definition 5. An isomorphism of filtered subdeformations g and g˜ of p is a map
Φ : g −→ g˜ such that:
(i) Φ is an isomorphism of Lie superalgebras;
(ii) Φ is compatible with the filtrations; i.e., Φ(gi) = g˜i for i = −2,−1, 0;
(iii) the induced 0-degree Lie superalgebra isomorphism of associated graded
Lie superalgebrasa and a˜ is given by the natural action of some g ∈ Spin(V).1
If we do not wish to mentionΦ explicitly, we simply say that g and g˜ are isomorphic.
It is easy to see that an isomorphism Φ : g→ g˜ takes the following general form,
for some g ∈ Spin(V) and X ′ : V ′ → h˜:
Φ(A) = g ·A, Φ(s) = g · s, and Φ(v) = g · v+ X ′v, (7)
where A ∈ h, s ∈ S ′ and v ∈ V ′. In the following, we consider isomorphisms of
highly supersymmetric filtered subdeformations whose associated 0-degree map
is the identity, that is with g = e in (7). We denote the sum of all components in
(6) of degree 2 by the symbol µ = α+ β+ γ + δ : a⊗ a → a, where α,β,γ, δ are the
maps introduced just before Definition 4.
Proposition 6. Let g be a highly supersymmetric filtered deformation of a graded subal-
gebra a of p. Then:
(1) µ|a−⊗a− is a cocycle in C
2,2(a−, a) and its cohomology class
[µ|a−⊗a− ] ∈ H
2,2(a−, a)
is h-invariant (that is, the cocycle µ|a−⊗a− is h-invariant up to coboundaries);
(2) if g˜ is another filtered deformation of the same a such that [µ˜|a−⊗a− ] = [µ|a−⊗a− ]
then g˜ is isomorphic to g.
1It iswell known that the bosonic field equations of 11-dimensional supergravity are invariant under
a homothety which rescales both the metric and the 4-form. With this definition of isomorphism of
filtered subdeformations, the Killing superalgebras of two different supergravity backgrounds related
by a homothety would not be isomorphic. They would be isomorphic, however, were we to modify the
definition by replacing Spin(V) by CSpin(V) in (iii).
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Proof. The proof relies on general results on filtered deformations in [38] and the
full line of arguments is the same as in [32, Theorem 9] or [29, Proposition 10]. Here
we simply record that, since V ′ = V , any α ∈ Hom(Λ2V ,V) can be written as
α(v,w) = Xvw − Xwv, v,w ∈ V ,
for a unique linear map X : V → so(V) and that
δ(A, v) = [A,Xv] − XAv,
∂ρ(s, s, v) = 2γ(s,β(v, s)) + δ(γ(s, s), v),
for allA ∈ h, v ∈ V and s ∈ S ′. It follows from Lemmas 2 and 3 that the components
δ and ρ are uniquely determined, once µ|a−⊗a− = α + β + γ has been fixed. In a
similar way the components δ˜ and ρ˜ of g˜ are also fixed in terms of µ˜|a−⊗a− .
By hypothesis µ˜|a−⊗a− = µ|a−⊗a− − ∂X
′, with X ′ : V → h giving the required
isomorphism. 
We have seen that highly supersymmetric filtered subdeformations with asso-
ciated graded subalgebra a of p are determined, up to isomorphisms of filtered
subdeformations, by the space H2,2(a−, a)h of h-invariant elements in H2,2(a−, a).
We will obtain improved versions of Proposition 6 in Section 4, in the case of (odd-
generated) realizable filtered subdeformations. The concept of realizability is in-
troduced in the next section.
2.2. Realizable filtered deformations. In [32, Proposition 7], we determined the
group H2,2(a−, a) when a = p, and found that H2,2(p−, p) ∼= ∧4V as an so(V)-
module. More precisely any class admits a canonical representative of the form
βϕ + γϕ for a unique ϕ ∈ Λ4V , where βϕ : V ⊗ S → S and γϕ : ⊙2S → so(V) are
given by
βϕ(v, s) = 1
24
(v · ϕ− 3ϕ · v) · s,
γϕ(s, s)(v) = −2κ(βϕ(v, s), s),
(8)
for all s ∈ S and v ∈ V .
Associated to the natural inclusion ı : a→ p there are chainmaps ı∗ : C•,•(a−, a) →
C•,•(a−, p) and ı∗ : C•,•(p−, p) → C•,•(a−, p) inducing the corresponding maps in
cohomology
ı∗ : H
2,2(a−, a)→ H
2,2(a−, p),
ı∗ : H2,2(p−, p)→ H
2,2(a−, p).
(9)
Both maps in (9) are h-equivariant. Moreover we have the following
Lemma 7. Let a be a highly supersymmetric graded subalgebra of p. Then ı∗ is injective
and ker ı∗ ∼=
{
ϕ ∈ Λ4V
∣∣ βϕ |V⊗S′ = 0}.
Proof. Let [α+β+γ] ∈ H2,2(a−, a) be such that ı∗[α+β+γ] = 0; that is, α+β+γ = ∂φ
for some φ : V → so(V). However, in particular φ(κ(s1, s2)) = −γ(s1, s2) ∈ h for all
s1, s2 ∈ S
′, hence φ(v) ∈ h for all v ∈ V and [α + β + γ] = 0. This proves the first
claim. The second claim is straightforward. 
Remark 8. We will see that the space ker ı∗ parametrises the 4-forms compatible
with a highly supersymmetric flat supergravity background, so that ı∗ too is in-
jective (see Corollary 26). It would be desirable to have an a priori representation-
theoretic proof of this fact.
In the following definition we introduce the concept of realizability for highly
supersymmetric filtered subdeformations of p. This is an algebraic criterionwhich,
as we will see, singles out the filtered subdeformations which are geometrically
realizable as (subalgebras of) Killing superalgebras of supergravity backgrounds.
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Since the main purpose of this paper is to lay the foundations for the classification
of highly supersymmetric backgrounds, we restrict the definition to the highly su-
persymmetric case. This is not to suggest that the notion of a (geometrically) real-
izable filtered subdeformation is not interesting if dim g1¯ 6 16, but the definition
would be more involved.
Definition 9. A filtered deformation g of a highly supersymmetric Z-graded sub-
algebra a of p is said to be realizable if the following conditions are satisfied:
(i) the associated cohomology class [α + β+ γ] ∈ H2,2(a−, a) is of the form
ı∗[α + β+ γ] = ı
∗[βϕ + γϕ] (10)
for some ϕ ∈ Λ4V (the collection of such forms is an affine space modeled
on the vector space ker ı∗); and
(ii) there exists a ϕ ∈ Λ4V ∼= Λ4V∗ as in (i) which is also h-invariant and closed.
The condition for an h-invariant ϕ to be closed is equivalent to
dϕ(v0, . . . , v4) =
∑
i<j
(−1)i+jϕ(α(vi, vj), v0, . . . , vˆi, . . . , vˆj, . . . , v4) = 0 (11)
for all v0, . . . , v4 ∈ V .
We call admissible any ϕ ∈ Λ4V which is h-invariant and satisfies (10) and (11).
Definition 10. A filtered deformation g is called odd-generated realizable if it is real-
izable and generated by the odd part, that is g0¯ = [g1¯, g1¯].
We will see below that the Killing spinors of a highly supersymmetric back-
ground generate a filtered Lie superalgebrawhich is odd-generated and realizable.
We note that the condition of being (odd-generated) realizable is preserved by
the isomorphisms of filtered subdeformations of p. In particular, it isworth remark-
ing that even though the condition (11) thatϕ be closed seems to depend explicitly
on α, it actually only depends on the cohomology class of α + β+ γ in H2,2(a−, a).
Indeed, if we modify the cocycle by a coboundary ∂φ, for some φ : V → h, then α
changes to α˜(v,w) = α(v,w)+φvw−φwv, and using the h-invariance of ϕ one sees
that the expression for dϕ in equation (11) remains unchanged.
It follows from (10) that the Lie brackets of a realizable filtered deformation g of
a = h⊕ S ′ ⊕ V are as in (6), where V ′ = V and
α(v,w) = Xvw − Xwv
β(v, s) = βϕ(v, s) + σ(Xv)s
γ(s, s) = γϕ(s, s) − Xκ(s,s)
δ(A, v) = [A,Xv] − XAv,
(12)
for some linear map X : V → so(V). Here A,B ∈ h, v,w ∈ V , s ∈ S ′. This implies
that any highly supersymmetric graded subalgebra a = h⊕S
′
⊕V of awhich is also
closed under the Lie brackets of g inherits a natural structure g of realizable filtered
subdeformation. This motivates the following
Definition 11. An embedding of filtered subdeformations of p is an injectivemapΦ :
g˜ −→ g such thatΦ : g˜ −→ g = Φ(g˜) is an isomorphism of filtered subdeformations,
where g ⊆ g has the natural structure of filtered subdeformation induced by g.
3. The Killing superalgebra as a filtered deformation
We will first review in Section 3.1 the construction of the Killing superalgebra
k = k0¯ ⊕ k1¯ associated to a supersymmetric background (M,g, F) of 11-dimensional
supergravity, following the description in [25]. Actually, it is known that k can
be constructed for any 11-dimensional lorentzian spin manifold (M,g, F) endowed
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with a closed 4-form F ∈ Ω4(M). In other words, the supergravity Einstein and
Maxwell equations are of no consequence in what follows in Section 3.
We will then show in Section 3.2 that the Killing superalgebra, as a filtered Lie
superalgebra, is (isomorphic to) a filtered subdeformation of the Poincare´ superal-
gebra. The main result of this section deals with the highly supersymmetric case
and it is given by Theorem 13 in Section 3.3.
3.1. TheKilling superalgebra. Let (M,g, F) be a connected 11-dimensional lorent-
zian spin manifold endowed with a closed 4-form F ∈ Ω4(M). We denote the Levi-
Civita connection by∇ and the associated spinor bundle by $→M (more precisely,
this is a bundle of Clifford modules over Cℓ(TM) associated to one of the two non-
isomorphic irreducible Clifford modules).
The spinor fields ε ∈ Γ($)which satisfy, for all vector fields Z ∈ X (M),
∇Zε =
1
24
(Z · F− 3F · Z) · ε
are called Killing spinors and they define a real vector space k1¯. We also let k0¯ be the
space of F-preserving Killing vectors.
The Killing superalgebra is a Lie superalgebra structure on k = k0¯⊕k1¯; wewill re-
view the construction below. For our purposes, it is convenient to introduce bundle
morphisms βF : TM⊗ $→ $ and γF : ⊙2$→ so(TM) defined by
βF(Z, ε) = 1
24
(Z · F− 3F · Z) · ε,
γF(ε, ε)(Z) = −2κ(βF(Z, ε), ε),
(13)
where Z ∈ X (M) and ε ∈ Γ($). In particular Killing spinors are exactly those
spinors εwhich satisfy ∇Zε = βF(Z, ε) for all Z ∈ X (M).
Let E = E0¯⊕E1¯ be the supervector bundle where E0¯ = TM⊕ so(TM) and E1¯ = $.
On E we have an even connection D defined by
DZε = ∇Zε− β
F(Z, ε),
for ε ∈ Γ(E1¯) and
DZ
(
ξ
Ξ
)
=
(
∇Zξ+ Ξ(Z)
∇ZΞ− R(Z,ξ)
)
,
for (ξ,Ξ) ∈ Γ(E0¯), where R : Λ
2TM→ so(TM) is the Riemann curvature. Then
k1¯ = {ε ∈ Γ(E1¯) | Dε = 0}
k0¯ = {(ξ,Ξ) ∈ Γ(E0¯) | D(ξ,Ξ) = 0 and ∇ξF+ Ξ · F = 0} ,
where Ξ · F is the natural action of so(TM) on 4-forms. In particular, an element of
the Killing superalgebra is determined by the value at a point in M of the corres-
ponding parallel section of E . In other words, given any point o ∈ M, the Killing
superalgebra defines a vector subspace of so(ToM)⊕ $o ⊕ ToM.
We will introduce the notation
(V ,η) = (ToM,go), so(V) = so(ToM), S = $o,
so that (V ,η) is an 11-dimensional lorentzian vector space with Lie algebra so(V) of
skew-symmetric endomorphisms, and S an irreducible Cℓ(V)-module. Notice that
so(V)⊕ S⊕ V is the vector space underlying the Poincare´ superalgebra.
We now describe the Lie brackets of k. Let (ξ,Xξ), (ζ,Xζ) ∈ k0¯. This means that
ξ, ζ are F-preserving Killing vector fields with Xξ = −∇ξ and Xζ = −∇ζ. Their Lie
bracket is given by
[(ξ,Xξ), (ζ,Xζ)] = (Xξζ− Xζξ, [Xξ,Xζ] + R(ξ, ζ)), (14)
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with the Riemann curvaturemeasuring the deviation of k0¯ from being a subalgebra
of the Poincare´ algebra p0¯. Now let ε ∈ k1¯ be a Killing spinor. The action of k0¯ on k1¯
is given by the spinorial Lie derivative ([39]; see also, e.g., [18])
Lξε = ∇ξε+ σ(Xξ)ε, (15)
where σ is the spinor representation of so(TM). From the fact that Dε = 0, we may
rewrite this action without derivatives:
[(ξ,Xξ), ε] = β
F(ξ, ε) + σ(Xξ)ε. (16)
Lastly, the square of a Killing spinor is its Dirac current, which belongs to k0¯ ([25];
see also, e.g., Corollary 22 in Section 5.1):
[ε, ε] = (κ(ε, ε),−∇κ(ε, ε)).
A calculation shows that
−∇κ(ε, ε)(Z) = −∇Zκ(ε, ε) = −2κ(∇Zε, ε)
= − 1
12
κ ((Z · F− 3F · Z) · ε, ε)
= γF(ε, ε)(Z),
(17)
for all vector fields Z ∈ X (M).
In summary, the Lie brackets of k are given, for (ξ,Xξ), (ζ,Xζ) ∈ k0¯ and ε ∈ k1¯, by
the following:
[(ξ,Xξ), (ζ,Xζ)] = (Xξζ− Xζξ, [Xξ,Xζ] + R(ξ, ζ))
[(ξ,Xξ), ε] = β
F(ξ, ε) + σ(Xξ)ε
[ε, ε] = (κ(ε, ε),γF(ε, ε)).
(18)
As in every Lie superalgebra k = k0¯ ⊕ k1¯, the odd subspace k1¯ generates an ideal
k̂ = k̂0¯ ⊕ k̂1¯ of k, where k̂0¯ = [k1¯, k1¯] and k̂1¯ = k1¯. We refer to it as the Killing ideal of
the Killing superalgebra.
3.2. The Killing superalgebra is a filtered subdeformation of p. We now show
that the Lie superalgebra k described in (18) is isomorphic to a filtered subdeform-
ation of the Poincare´ superalgebra p. It is not in general a subalgebra of p.
We will first show that the Killing superalgebra k determines a Z-graded vector
subspace of p. As above, let us identify p as a vector space with the fibre Eo. Let
ev0¯o : k0¯ → V be the composition of evaluation at o and projection onto V = ToM,
and let ev1¯o : k1¯ → S be evaluation at o. Let also im ev
1¯
o = S
′ ⊆ S and im ev0¯o = V
′ ⊆ V
be the images of these evaluations.
Let h = ker ev0¯o be the Lie subalgebra of k0¯ consisting of elements of k0¯ which
vanish at o ∈ M; that is, which take the form (0,A) ∈ V ⊕ so(V). In other words, h
defines a subspace of so(V). From the definition of h, we have a short exact sequence
of vector spaces
0 −−−−→ h −−−−→ k0¯
ev0¯o−−−−→ V ′ −−−−→ 0.
Since short exact sequences split in the category of vector spaces, we have a vector
space isomorphism k0¯ ∼= h ⊕ V
′ and since k1¯ ∼= S
′, we see that (again, as a vector
space) k ∼= h⊕ S ′ ⊕ V ′ ⊂ so(V)⊕ S⊕ V = p. However there is no canonical splitting
and hence no preferred isomorphism. If there were, we could simply transport
the Lie superalgebra structure in k to h ⊕ S ′ ⊕ V ′. In our case, however, we will
have to choose a splitting. Geometrically, this amounts to choosing (in a linear
fashion) for every v ∈ V ′ a Killing vector field ξ ∈ k0¯ with ev
0¯
o(ξ) = v. Such a choice
gives an embedding of V ′ into k0¯ ⊂ V ⊕ so(V) by sending v ∈ V
′ to (v,Xv), where
Xv ∈ so(V) is the image of v under a linear map X : V ′ → so(V). Any other choice
of splitting would result in (v,X ′v) for some other linear map X
′ : V ′ → so(V), but
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where X − X ′ : V ′ → h. (In applications we can fix X : V ′ → h⊥ to take values in a
complement h⊥ of h in so(V), e.g., the orthogonal complement with respect to the
Killing form, whenever this exists).
Since h consists of those Killing vectors in k0¯ which vanish at o, the correspond-
ing parallel section of E0¯ takes the form (0,A) at o ∈M. Now it is clear from equa-
tion (18) that the Lie brackets of k only depend on the value of the sections at the
point o ∈M, hence we see that if (0,A), (0,B) ∈ h, then
[(0,A), (0,B)] = (0, [A,B]),
so that h defines a Lie subalgebra of so(V). In addition, when evaluated at o ∈ M,
the condition LξF = 0 for all vector fields ξwith ev0¯o(ξ) = 0 becomes
A · Fo = 0 for all A ∈ h.
In summary, h defines a Lie subalgebra of so(V)∩ stab(ϕ), where ϕ = Fo ∈ Λ4V∗ ∼=
Λ4V is the value of F at o ∈M.
It also follows from equation (18) that the action of h on k1¯ at o ∈ M is the re-
striction to h < so(V) of the action of so(V) on S:
[(0,A), s] = σ(A)s.
This implies in particular that h preserves the subspace S ′.
Similarly, using the fixed embedding V ′ ⊂ V ⊕ so(V) given by v 7→ (v,Xv), we
find that the remaining brackets are
[(0,A), (v,Xv)] = (Av, [A,Xv]) = (Av,XAv) + (0, [A,Xv] − XAv)
[(v,Xv), s] = β
ϕ(v, s) + Xvs
[s, s] = (κ(s, s),Xκ(s,s)) + (0,γ
ϕ(s, s) − Xκ(s,s))
and
[(v,Xv), (w,Xw)] = (Xvw − Xwv, [Xv,Xw] + R(v,w))
= (Xvw − Xwv,XXvw−Xwv) + (0, [Xv,Xw] − XXvw−Xwv + R(v,w)).
In summary, the Killing superalgebra k is isomorphic to a Lie superalgebra struc-
ture defined on the graded subspace h⊕S ′⊕V ′ of p, where h is a Lie subalgebra of
so(V) ∩ stab(ϕ)which preserves S ′. The Lie brackets are the following:
[A,B] = AB− BA
[A, s] = σ(A)s
[A, v] = Av+ δ(A, v)
[s, s] = κ(s, s) + γϕ(s, s) − Xκ(s,s)
[v, s] = βϕ(v, s) + σ(Xv)s
[v,w] = α(v,w) + ρ(v,w),
(19)
where A,B ∈ h, v,w ∈ V ′, s ∈ S ′ and
α(v,w) = Xvw − Xwv
δ(A, v) = [A,Xv] − XAv
ρ(v,w) = [Xv,Xw] − Xα(v,w) + R(v,w).
We observe that both δ : h⊗V ′ → h and ρ : Λ2V ′ → h take values in h. Moreover the
element β(v, s) = βϕ(v, s) + σ(Xv)s is in S ′ (and not S) whilst the individual terms
may not; similarly the sum γ(s, s) = γϕ(s, s) − Xκ(s,s) is in h (and not so(V)).
From now on we will identify k with the Lie superalgebra structure defined on
the graded subspace h⊕ S ′ ⊕ V ′ of p by (19). The grading of the Poincare´ superal-
gebra p gives rise to a natural filtration of p:
p• : p = p−2 ⊃ p−1 ⊃ p0 ⊃ 0,
where p−1 = so(V)⊕ S, p0 = so(V), and therefore also to a filtration of k
k• : k = k−2 ⊃ k−1 ⊃ k0 ⊃ 0,
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where k−1 = h⊕ S ′, k0 = h. One checks from the Lie brackets (19) that [ki, kj] ⊂ ki+j,
so that k• is a filtered Lie superalgebra. Its associated graded Lie superalgebra k•
has graded pieces k−2 = V ′, k−1 = S ′, k0 = h and, comparing again with the Lie
brackets of k, we see that k• is a subalgebra of p. Indeed, the maps α,β,γ, δ, ρ all
have positive filtration degree (compare also with equation (6)).
Of course, it is not an arbitrary filtered subdeformation, since some of its com-
ponents are prescribed by the supergravity theory via the definition of Killing
spinor (compare also with equation (12)).
In summary, we have proved most of the following
Theorem 12. The Killing superalgebra k is a filtered subdeformation of the Poincare´ super-
algebra and if dim k1¯ > 16 it is a realizable filtered subdeformation. Moreover the Killing
ideal k̂ is odd-generated realizable.
Proof. It remains to prove that k is realizable if dim k1¯ > 16, fromwhere it will follow
that k̂ is odd-generated and realizable. Property (i) of Definition 9 is immediate,
whereas property (ii) follows from the fact that the exterior derivative dF of a k0¯-
invariant 4-form F is a k0¯-invariant 5-form, hence (locally) determined by its value
(dF)o at o ∈M. 
3.3. Highly supersymmetric lorentzian spin manifolds. We will now restrict to
the highly supersymmetric case and show that any realizable filtered subdeforma-
tion g = g0¯ ⊕ g1¯ of p can be realised as (a subalgebra of) the Killing superalgebra of
a homogeneous (M = G0¯/H,g, F). To this end, it is actually more natural to assume
g to be anti-isomorphic to a realizable filtered subdeformation; in other words, in
this section g has the opposite Lie brackets to those in equations (6) and (12).
We first need to recall some basic definitions. Let G be a connected Lie super-
group with Lie superalgebra Lie(G) = g. We consider it as a super Harish-Chandra
pair [40, 41, 42], a pair G = (G0¯, g) consisting of a connected Lie group G0¯ with Lie
algebra Lie(G0¯) = g0¯ and a Lie superalgebra g = g0¯⊕ g1¯ admitting an adjoint repres-
entation, i.e., a morphism of Lie groups
Ad : G0¯ −→ GL(g) (20)
such that ad(x)y = d
dt
|t=0Adexp(tx) y for all x ∈ g0¯ and y ∈ g. In particular V
′ = V
and the analytic subgroup H of G0¯ with Lie algebra Lie(H) = h acts orthogonally
on V ∼= g0¯/h via the natural representation
Ad : H −→ SO(V) (21)
induced by (20).
If H is closed in G0¯, thenM = (G0¯/H,g) is an 11-dimensional lorentzian homo-
geneous manifold, where g is the G0¯-invariant lorentzian metric onM correspond-
ing to the H-invariant inner product η on V . Consider the SO(V)-bundle P onM of
oriented orthonormal frames of (M,g). We have
P ∼= G0¯ ×H SO(V)
and TM ∼= P×SO(V) V ∼= G0¯×H V . In particular the vector fields onM are identified
with the H-equivariant maps ξ : G0¯ → V .
Any lift of the adjoint representation (21) to the spin group Spin(V) — i.e., any
homomorphism H→ Spin(V) such that the diagram
H −−−−→ Spin(V)∥∥∥ yσ
H
Ad
−−−−→ SO(V)
(22)
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commutes — allows us to define a spin structure Q = G0¯ ×H Spin(V) on (M,g),
usually referred to as the homogeneous spin structure associated to the lift (22)
[43]. If G0¯ is simply connected, the homogeneous spin structures are in one-to-one
correspondence with the spin structures [44]. Now, since a is transitive and fun-
damental, any element A ∈ h is uniquely determined by its action on g1¯ ≃ S
′ ⊆ S
and it is not difficult to see that the restriction of (20) to H and g1¯ determines a
unique liftAd : H −→ Spin(V). We call any triple (M = G0¯/H,g,Q)withQ determ-
ined by (20) as above a homogeneous lorentzian spin manifold associated with g. For
an analogous discussion in the special case of reductive homogeneous manifolds
with S ′ = S we refer the reader to [42, §§5.1-2] and [24]. The spin bundle on M
is $ = Q ×Spin(V) S ∼= G0¯ ×H S and the spinor fields on M are identified with the
H-equivariant maps ε : G0¯ → S.
Finally, it is often convenient to work on G0¯ through the natural projection π :
G0¯ → M = G0¯/H. For instance invariant affine connections on M = G0¯/H are
known to be in a one-to-one correspondence with Nomizu maps; that is, linear
maps
L : g0¯ → gl(V)
satisfying [45]:
(i) L(A) = ad(A) for all A ∈ h; and
(ii) L is H-equivariant.
Let us consider the natural projection from g0¯ to V ∼= g0¯/h and trivially extend η to
the H-invariant symmetric bilinear map (−,−) : g0¯ ⊗ g0¯ → R with kernel h, and let
U be the symmetric bilinear map on g0¯ with values into V uniquely determined by
2(U(x,y), z) = (x, [z,y]) + ([z, x],y),
where x,y, z ∈ g0¯. It is not difficult to see that the operator L˜ : g0¯ → Hom(g0¯,V)
given by
L˜(x)y := 1
2
[x,y]mod h +U(x,y)
factors through a Nomizu map L : g0¯ → gl(V)which satisfies
(iii) im L ⊆ so(V);
(iv) L˜(x)y − L˜(y)x− [x,y]mod h = 0 for all x,y ∈ g0¯.
Indeed this is the Nomizu map associated to the Levi-Civita connection of (M,g)
(cf. [45, Theorem 3.3] for the case of reductive homogeneous manifolds).
The Levi-Civita covariant derivative can be easily described, at least locally. Let
ξi : G0¯ → V ∼= g0¯/h be (locally defined) vector fields on M, i = 1, 2, and choose
(locally defined) vector fields ξ˜i : G0¯ → g0¯ on G0¯ such that ξi is π-related to ξ˜i, i.e.,
such that π∗(ξ˜i) = ξi for i = 1, 2. Then
∇ξ1ξ2 = π∗(ξ˜1(ξ˜2) + L˜(ξ˜1)(ξ˜2)), (23)
where ξ˜1(ξ˜2) is the derivative of ξ˜2 along ξ˜1 and L˜ acts as usual at any fixed g ∈ G0¯.
For more details, we refer the reader to e.g. [42, §4].
We are now ready to state our main result, which subsumes Theorem 12.
Theorem 13. Let (M,g, F) be an 11-dimensional lorentzian spin manifold endowed with
a closed F ∈ Ω4(M) and k = k0¯ ⊕ k1¯ the associated Killing superalgebra. If dim k1¯ > 16
then (M,g, F) is locally homogeneous and the Killing superalgebra k (resp. Killing ideal k̂)
is a (resp. odd-generated) realizable filtered subdeformation of p.
Conversely, let g = g0¯⊕g1¯ be (the opposite Lie superalgebra to) a realizable filtered subde-
formation of p, with corresponding 11-dimensional homogeneous lorentzian spin manifold
(M = G0¯/H,g,Q). Then there exist
(1) a G0¯-invariant closed 4-form F ∈ Ω
4(M);
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(2) an (anti)embedding Φ : g → k of realizable filtered subdeformations of p from g
in the Killing superalgebra k of (M,g, F). If g is odd-generated realizable, then
Φ(g) ⊆ k̂.
In particular dim k1¯ > 16.
Proof. The first statement is a direct consequence of the local homogeneity theorem
in [31] and Theorem 12 in Section 3.2.
Let now g = g0¯ ⊕ g1¯ be the opposite Lie superalgebra to a realizable filtered
deformation of a graded subalgebra a = h ⊕ S ′ ⊕ V of p and (M = G0¯/H,g,Q) an
associated homogeneous lorentzian spin manifold. Since the Lie brackets of g are
the opposite of those in (6) and (12), we have that the map L : g0¯ → so(V),
L(A) = ad(A) (A ∈ h)
L(v) = −Xv (v ∈ V),
(24)
satisfies properties (i)-(iv) and therefore is the Nomizu map corresponding to the
Levi-Civita connection of (M,g).
Consider the fundamental vector field
ξ(x) : G0¯ → V , ξ
(x)(g) = (Adg−1 x) mod h (25)
associated to x = (A, v) ∈ g0¯ ∼= h⊕ V . Clearly ξ
(x) is a Killing vector field and using
equations (23), (24) and (25), it can be checked directly that the value of the section
(ξ(x),−∇ξ(x)) of E0¯ = TM⊕ so(TM) at o = eH ∈M is (v,A + Xv) ∈ V ⊕ so(V). This
gives the realisation of the abstract Lie algebra g0¯ as subalgebra of the algebra of
Killing vector fields onM:
[ξ(x),ξ(y)] = −ξ([x,y]), (26)
for all x,y ∈ g0¯. Given any admissible ϕ ∈ Λ
4V∗ ∼= Λ4T∗oM, we let F ∈ Ω
4(M) be the
unique G0¯-invariant closed 4-formwith value Fo = ϕ at o ∈M. As for the elements
of g0¯, every s ∈ g1¯ ∼= S
′ ⊆ S has an associated spinor field
ε(s) : G0¯ → S, ε
(s)(g) = Adg−1 s. (27)
For any vector field ξ : G0¯ → V with π-related ξ˜ : G0¯ → g0¯ we compute
∇ξε
(s) = π∗(ξ˜(ε
(s)) + σ(L˜(ξ˜))(ε(s)))
= π∗(−ad(ξ˜)(ε
(s)) + σ(L˜(ξ˜))(ε(s)))
= βϕ(ξ, ε(s))
where the last equality follows from the Lie brackets of g0¯ and (24). This shows
that ε(s) is a Killing spinor, for all s ∈ S ′.
The required map Φ : g→ k is defined by:
Φ(x) = ξ(x) and Φ(s) = ε(s),
where x = (v,A) ∈ g0¯ and s ∈ g1¯. Note that
Lξ(x)ε
(s) = ∇ξ(x)ε
(s) − σ(∇ξ(x))ε(s)
= βϕ(ξ(x), ε(s)) − σ(∇ξ(x))ε(s)
so that Lξ(x)ε
(s) is the Killing spinor onMwith value βϕ(v, s) + σ(A)s+ σ(Xv)s at
o ∈M. In other words
[ξ(x), ε(s)] = −ε([x,s]) (28)
and one similarly checks
[ε(s), ε(s)] = −ξ([s,s]). (29)
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Identities (26), (28) and (29) show thatΦ is a Lie superalgebra anti-homomorphism.
The fact thatΦ is an (anti)embedding of realizable filtered subdeformations of p is
immediate, as well as the last two claims of the theorem. 
Remark 14. The G0¯-invariant closed F ∈ Ω
4(M) associated to a realizable filtered
deformation in Theorem 13 is a priori not unique, since it appears to depend on
the choice of an admissible ϕ ∈ Λ4V (recall Definition 9). However, as already
advertised, we will obtain ker ı∗ = 0 in Corollary 26, so that ϕ (and F) are unique.
Remark 15. The Killing superalgebra k of the homogeneous lorentzian spin man-
ifold (M,g,Q, F) associated to g in Theorem 13 is strictly larger than g in general.
(The analogous statement holds for Killing ideals k̂ and odd-generated realizable
g.) We do not know of general conditions on g underwhich equality actually holds.
Theorem 13 and the above remarks say that Killing superalgebras (resp. Killing
ideals) of highly supersymmetric (M,g, F), up to local equivalence, are in a one-
to-one correspondence with maximal realizable (resp. odd-generated realizable)
filtered subdeformations of p, up to isomorphism of filtered subdeformations.
In Sections 4 and 5 below, we set up the classification problem for the Killing su-
peralgebras of highly supersymmetric 11-dimensional supergravity backgrounds
as the classification problem of realizable filtered subdeformations of p. In par-
ticular, we show that high supersymmetry implies that the Einstein and Maxwell
equations are satisfied; that is, the homogeneous lorentzian spin manifold recon-
structed in Theorem 13 from a realizable filtered subdeformation is automatically
a supergravity background.
In this regard, we remark that one needs the full datum of a realizable filtered
subdeformation of p to reconstruct the supergravity background unambiguously;
the assignment of a Lie superalgebra is not sufficient in general. For instance there
is an example of a Lie superalgebra with (at least) two non-isomorphic structures of
realizable filtered subdeformation of p: namely, the Killing superalgebra of a super-
gravity background with 24 supercharges described in [46] and shown in [47] to be
isomorphic as an abstract Lie superalgebra to a subalgebra of the Killing superalgebra
of the maximally supersymmetric pp-wave of [10].
4. The classification problem for Killing superalgebras
We have just seen that the Killing superalgebra is a filtered subdeformation
of the Poincare´ superalgebra. In the highly supersymmetric case, Proposition 6
applies and the aim of this section is to improve that result in the case of (odd-
generated) realizable filtered subdeformations.
4.1. The Jacobi identity of Killing superalgebras. The Lie brackets of a Killing
superalgebra are given by equation (19) in terms of the following data.
First we have a gradedLie subalgebra a = h⊕S ′⊕V ′ of the Poincare´ superalgebra.
In particular, this means that h < so(V) stabilises both S ′ ⊆ S and V ′ ⊆ V and that
κ(S ′,S ′) ⊆ V ′. The rest of the data consists of an h-invariantϕ ∈ Λ4V ,X : V ′ → so(V)
(or, more precisely, V ′ → so(V)/h) and R : Λ2V ′ → so(V). In terms of this data, we
have the following Lie brackets on the vector space h⊕ S ′ ⊕ V ′:
[A,B] = AB− BA
[A, s] = σ(A)s
[A, v] = Av+ [A,Xv] − XAv
[s, s] = κ(s, s) + γϕ(s, s) − Xκ(s,s)
[v, s] = βϕ(v, s) + σ(Xv)s
[v,w] = Xvw − Xwv+ [Xv,Xw] − XXvw−Xwv + R(v,w),
(30)
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whereA,B ∈ h, v,w ∈ V ′ and s ∈ S ′. It bears reminding that the right-hand sides of
the Lie brackets in (30) take values in h⊕S ′⊕V ′, but that the individual terms may
not. For example, [A,Xv],XAv ∈ so(V), but their difference [A,Xv] − XAv ∈ h. Simil-
arly, γϕ(s, s) − Xκ(s,s) ∈ h, but γ
ϕ(s, s),Xκ(s,s) ∈ so(V), and the same happens with
[Xv,Xw]−XXvw−Xwv+R(v,w) ∈ h, even though [Xv,Xw],XXvw−Xwv,R(v,w) ∈ so(V).
Also Xvw− Xwv ∈ V ′, βϕ(v, s) + σ(Xv)s ∈ S ′, but Xvw ∈ V and βϕ(v, s),σ(Xv)s ∈ S.
The only additional conditions come from demanding that the Lie brackets (30)
do define a Lie superalgebra. In other words, they come from imposing the Jacobi
identity. There are ten components of the Jacobi identity and we summarise the
results for each component in turn.
The [hhh] Jacobi. This is automatically satisfied because h is a Lie subalgebra of so(V).
The [hhS ′] Jacobi. This is automatically satisfied because the action of h on S ′ is the
restriction to h and S ′ of the spinor representation σ of so(V) on S.
The [hhV ′] Jacobi. This is also automatically satisfied, extending the adjoint action
of h on itself to so(V).
The [hS ′S ′] Jacobi. This is automatically satisfied since h < so(V) ∩ stab(ϕ). Indeed,
for A ∈ h and s ∈ S ′,
[A, [s, s]] = [A,κ(s, s) + γϕ(s, s) − Xκ(s,s)]
= Aκ(s, s) + [A,γϕ(s, s)] − XAκ(s,s),
whereas
2[[A, s], s] = 2[σ(A)s, s] = 2κ(σ(A)s, s) + 2γϕ(σ(A)s, s) − 2Xκ(σ(A)s,s).
Since h < so(V), Aκ(s, s) = 2κ(σ(A)s, s), so that the Jacobi identity is satisfied
provided that
[A,γϕ(s, s)] = 2γϕ(σ(A)s, s).
But γϕ only depends on so(V)-equivariant operations like Clifford product and
Dirac current, and on ϕ. It follows that γϕ is equivariant under so(V) ∩ stab(ϕ),
and by restriction also under h.
The [hS ′V ′] Jacobi. In this case, for A ∈ h, v ∈ V ′ and s ∈ S ′,
[A, [v, s]] − [[A, v], s] − [v, [A, s]] = σ(A)βϕ(v, s) − βϕ(Av, s) − βϕ(v,σ(A)s).
The Jacobi identity is again satisfied since h < so(V) ∩ stab(ϕ).
The [hV ′V ′] Jacobi. A somewhat lengthy calculation shows that, for all A ∈ h and
v,w ∈ V ′,
[A, [v,w]] − [[A, v],w] − [v, [A,w]] = [A,R(v,w)] − R(Av,w) − R(v,Aw).
It follows that the Jacobi identity is satisfied if and only if
R : Λ2V ′ → so(V) is h-equivariant. (31)
The [S ′S ′S ′] Jacobi. The Jacobi identity says that [[s, s], s] = 0 for all s ∈ S ′, and it
expands to
σ(γϕ(s, s))s = −βϕ(κ(s, s), s),
for all s ∈ S ′. This identity is known to be automatically satisfied for all s ∈ S, cf.
[32, Proposition 7].
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The [S ′S ′V ′] Jacobi. After another somewhat lengthy calculation, and letting
βϕv (s) = β
ϕ(v, s)
for all v ∈ V and s ∈ S, the Jacobi identity is equivalent to
1
2
R(v,κ(s, s))w = κ((Xvβ
ϕ)(w, s), s) + γϕ(βϕv s, s)(w)
= κ((Xvβ
ϕ)(w, s), s) − κ(βϕv (s),β
ϕ
w(s)) − κ(β
ϕ
wβ
ϕ
v (s), s),
(32)
for all s ∈ S ′, v ∈ V ′ and w ∈ V .
Remark 16. If dim S ′ > 16, then by local homogeneity V ′ = V , and equation (32)
expresses the curvature operator R : Λ2V → so(V) in terms of X and ϕ. By a further
contraction, this determines the Ricci tensor and as we will show in Section 5, it
implies the bosonic field equations of 11-dimensional supergravity.
The [S ′V ′V ′] Jacobi. This Jacobi identity expands to the following condition
R(v,w)s = (Xvβ
ϕ)(w, s) − (Xwβ
ϕ)(v, s) + [βϕv ,β
ϕ
w](s), (33)
for all s ∈ S ′ and v,w ∈ V ′.
The [V ′V ′V ′] Jacobi. Finally the last component of the Jacobi identity expands to
two Bianchi-like identities, one algebraic
R(u, v)w+ R(v,w)u+ R(w,u)v = 0, (34)
and one differential
R(Xuv− Xvu,w) + R(Xvw− Xwv,u) + R(Xwu− Xuw, v)
= [Xw,R(u, v)] + [Xu,R(v,w)] + [Xv,R(w,u)], (35)
for all u, v,w ∈ V ′. If V ′ = V , (34) is precisely the algebraic Bianchi identity for R,
whereas the differential identity simplifies to
(XuR)(v,w) + (XvR)(w,u) + (XwR)(u, v) = 0. (36)
(Notice that Xu ∈ so(V), but unless V ′ = V , R ∈ Hom(Λ2V ′, so(V)), which is not an
so(V)-module, but only an h-module.)
4.2. The classification problem for highly supersymmetric Killing superalgeb-
ras. Particularly interesting is the highly supersymmetric case, where dimS ′ > 16
so that V ′ = V . In this case, the classification problem for highly supersymmetric
Killing superalgebras breaks up into two main steps:
(1) classify highly supersymmetric graded subalgebras a = h ⊕ S ′ ⊕ V of the
Poincare´ superalgebra p;
(2) for each such a, find ϕ ∈ (Λ4V)h, R ∈ Hom(Λ2V , so(V))h which is an algeb-
raic curvature tensor (i.e., satisfying the algebraic Bianchi identity (34)) and
X : V → so(V) (only its image modulo hmatters) such that:
(i) ϕ is closed, cf. (ii) of Definition 9;
(ii) the right-hand sides of the expressions in (30) take values in h⊕S ′⊕V ;
(iii) the three equations (32), (33) and (36) are satisfied.
The Jacobi identity (32) determines R in terms of ϕ and X so that the highly su-
persymmetric Killing superalgebra (or, more generally, any realizable filtered sub-
deformation of p) is completely determined by (h,S ′,ϕ,X). This result improves
Proposition 6 in the case of realizable filtered subdeformations.
Step (1) of the classification problem is too broad and not tied to the existence
of nontrivial filtered subdeformation of a given graded algebra. We can fare better
if we restrict the classification problem to the Killing ideals. In the next section,
we consider the odd-generated realizable case and we will show that one can fully
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specify Killing ideals in terms of simpler data than (h,S ′,ϕ,X) and, at the same
time, modify step (1) by the addition of further constraints.
4.3. Killing ideals and Lie pairs. To state the main result of this section, we first
need to introduce some preliminary notions. Let S be the spinor representation of
so(V). It is well-known that
⊙2 S ∼= Λ1V ⊕Λ2V ⊕Λ5V , (37)
as so(V)-modules. This decomposition is unique, since all the three summands are
so(V)-irreducible and inequivalent, and we may (and in this section will) consider
ΛqV directly as a subspace of ⊙2S, for q = 1, 2, 5. We decompose any element
ω ∈ ⊙2S into ω = ω(1) + ω(2) + ω(5) according to (37), where ω(q) ∈ ΛqV for
q = 1, 2, 5.
If S ′ is a given linear subspace of S with dimS ′ > 16, then ⊙2S ′ ⊂ ⊙2S projects
surjectively on Λ1V , through the Dirac current operation. The embedding
⊙2S ′ ⊂ ⊙2S = Λ1V ⊕Λ2V ⊕Λ5V
is in general diagonal and one cannot expect⊙2S ′ to containΛqV , not even if q = 1.
This motivates the following.
Let S ′ be a subspace of S, dim S ′ > 16. Then restricting the Dirac current κ :
⊙2S→ V to ⊙2S ′ gives rise to a short exact sequence:
0 −−−−→ D −−−−→ ⊙2S ′
κ
−−−−→ V −−−−→ 0,
where D = D(S ′) is the Dirac kernel of S ′; that is, the subspace of ⊙2S given by
D = ⊙2S ′ ∩ (Λ2V ⊕Λ5V)
=
{
ω ∈ ⊙2S ′
∣∣∣ ω(1) = 0} .
A splitting of the above short exact sequence — that is, a linear map Σ : V → ⊙2S ′
such that Σ(v)(1) = v for all v ∈ V — is called a section associated to S ′ and we may
write it as Σ(S ′) if we need to specify S ′. A section Σ associated to S ′ always exists
and it is unique up to elements in the Dirac kernel.
Let (S ′,ϕ) be a pair consisting of a subspace S ′ of S with dimS ′ > 16 and ϕ ∈
Λ4V .
Definition 17. The envelope h(S′ ,ϕ) of (S
′,ϕ) is the subspace of so(V) given by
h(S′ ,ϕ) = {γ
ϕ(ω) | ω ∈ D}
=
{
γϕ(ω)
∣∣∣ ω ∈ ⊙2S ′ with ω(1) = 0} .
The pair (S ′,ϕ) is called a Lie pair if
(i) A ·ϕ = 0 for every A ∈ h(S′,ϕ); and
(ii) σ(A)s ∈ S ′ for every A ∈ h(S′,ϕ) and s ∈ S
′.
The name “Lie pair” is motivated by the following
Lemma 18. The envelope h(S′,ϕ) of a Lie pair (S
′,ϕ) is a Lie subalgebra of so(V).
Proof. The map γϕ : ⊙2S → so(V) is equivariant under so(V) ∩ stab(ϕ), hence the
restrictionγϕ|⊙2S′ : ⊙
2S ′ → so(V) to S ′ is equivariant under so(V)∩stab(ϕ)∩stab(S ′).
Now h(S′ ,ϕ) ⊂ so(V) ∩ stab(ϕ) ∩ stab(S
′) by properties (i) and (ii) of Definition 17.
In particular, for any A ∈ h(S′,ϕ) and ω ∈ D, we have [A,γ
ϕ(ω)] = γϕ(A ·ω), with
A ·ω ∈ D. In other words [h(S′,ϕ), h(S′ ,ϕ)] ⊂ h(S′ ,ϕ), proving the lemma. 
The following result gives necessary conditions that are satisfied by any odd-
generated realizable filtered subdeformation. We recall that a realizable g = g0¯⊕g1¯
is called odd-generated realizable if in addition g0¯ = [g1¯, g1¯].
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Proposition 19. Let g be a odd-generated realizable filtered subdeformation of p, with
associated graded algebra a = h⊕ S ′ ⊕V . Then the associated pair (S ′,ϕ) is a Lie pair and
(1) the isotropy h equals the envelope of (S ′,ϕ); i.e., h = h(S′,ϕ);
(2) the map X : V → so(V) is determined, up to elements in h, by the identity
X = γϕ ◦ Σ,
where Σ is any section associated to S ′.
In particular g is completely determined, up to isomorphisms of filtered subdeformations,
by the associated Lie pair (S ′,ϕ).
Proof. Let T := [−,−]|⊙2S′ : ⊙
2S ′ → V ⊕ h be the tensor given by the Lie bracket
between odd elements. By equation (30), it has the following explicit expression
for all ω = ω(1) +ω(2) +ω(5) ∈ ⊙2S ′:
T(ω) = κ(ω) + γϕ(ω) − Xκ(ω)
= ω(1) + γϕ(ω) − Xω(1) ,
(38)
withω(1) ∈ V and γϕ(ω)−Xω(1) ∈ h. The last identity in (38) follows from the fact
that the kernel of the Dirac current κ : ⊙2S→ V is Λ2V ⊕Λ5V .
The tensor T is surjective since g is odd-generated. In particular any A ∈ h is of
the form A = T(ω), for some ω ∈ ⊙2S ′. By equation (38), the condition T(ω) ∈ h
is equivalent to ω(1) = 0 and hence A = γϕ(ω) for some ω ∈ D. In other words,
h = h(S′ ,ϕ), which proves (1).
Surjectivity of T also allows one to choose (in a linear fashion) for every v ∈ V an
element Σ(v) ∈ ⊙2S ′ with T(Σ(v)) = v. Note that Σ(v)(1) = v by equation (38), i.e.,
Σ : V → ⊙2S ′ is a section associated to S ′. On the other hand γϕ(Σ(v)) − Xv = 0 for
all v ∈ V , i.e., X = γϕ ◦ Σ. Since sections associated to S ′ differ by elements in D, a
different choice of Σ determines X up to elements in h = h(S′ ,ϕ). This proves (2).
The fact that (S ′,ϕ) is a Lie pair is a direct consequence of h ⊂ stab(S ′)∩ stab(ϕ);
the last claim of the proposition follows from (1), (2) and Section 4.2. 
Proposition 19 improves Proposition 6 in the case of odd-generated realizable filtered
subdeformations. It also allows to modify step (1) of the classification problem in
Section 4.2 with the following step:
(1’) classify Lie pairs (S ′,ϕ) (and therefore the corresponding graded algebras
a = h(S′ ,ϕ) ⊕ S
′ ⊕ V), up to isomorphism.
Here we say that two pairs (S ′,ϕ) ∼= (g · S ′,g · ϕ) are isomorphic, where g ∈
Spin(V). In this case
D(g · S ′) = g ·D(S ′), Σ(g · S ′) = g · Σ(S ′), h(g·S′,g·ϕ) = g · h(S′ ,ϕ)
and it is immediate that (g · S ′,g · ϕ) is a Lie pair if and only if (S ′,ϕ) is a Lie pair.
5. Towards the field equations
In this section we explore the possibility of deriving the field equations from
the Jacobi identity (32). The main result is Theorem 23 in Section 5.2, which states
that if the Killing superalgebra is highly supersymmetric, then the bosonic field
equations are satisfied. We begin with some preliminary results. We shall only
need some of the formulae in the propositions below, but we record them all for
completeness and because one of the identities corrects a small error which has
propagated in the literature.
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5.1. The algebraic and differential relations. Let (M,g, F) be an 11-dimensional
lorentzian spin manifold endowed with a closed 4-form F ∈ Ω4(M). Associated to
any spinor field ε ∈ Γ($), there are differential forms onM, defined as follows:
(i) ω(1) ∈ Ω1(M), where ω(1)(Z) = 〈ε,Z · ε〉;
(ii) ω(2) ∈ Ω2(M), where ω(2)(Z1,Z2) = 〈ε, (Z1 ∧ Z2) · ε〉;
(iii) ω(5) ∈ Ω5(M), where ω(5)(Z1, . . . ,Z5) = 〈ε, (Z1 ∧ . . .∧ Z5) · ε〉.
The 1-form ω(1) is the metric dual of the Dirac current K = κ(ε, ε) ∈ X(M) of ε.
Forms ω(q) ∈ Ωq(M) can also be defined in a similar way for q = 6, 9, 10 and it is
straightforward to check that they are the Hodge duals ω(q) = ⋆ω(11−q) of (i)-(iii).
The differential forms defined above satisfy certain algebraic relations which
are a consequence of the underlying Clifford algebra. They are usually proved by
repeated applications of Fierz rearrangements.
Proposition 20. ([15, p. 5], [16, p. 21]) Let ε ∈ Γ($) be a spinor field, with associated
Dirac current K = κ(ε, ε) ∈ X(M). Then:
‖ω(2)‖2 = 5‖ω(1)‖2 (39)
‖ω(5)‖2 = −6‖ω(1)‖2 (40)
g(ıZω
(2), ıWω
(2)) = −ω(1)(Z)ω(1)(W) + g(Z,W)‖ω(1)‖2 (41)
g(ıZω
(5), ıWω
(5)) = 14ω(1)(Z)ω(1)(W) − 4g(Z,W)‖ω(1)‖2 (42)
ıKω
(1) = ‖ω(1)‖2 (43)
ıKω
(2) = 0 (44)
ıKω
(5) = − 1
2
ω(2) ∧ω(2) (45)
ıK ⋆ω
(5)(Z1, . . . ,Z5) = SkewZ1,...,Z5 g(ıZ1ω
(2), ıZ2 · · · ıZ5ω
(5)) (46)
‖ω(1)‖2ω(2) ∧ω(5) = − 1
2
ω(1) ∧ω(2) ∧ω(2) ∧ω(2) (47)
g(ıZ1ω
(2), ıZ2 · · · ıZ6 ⋆ω
(5)) = 5 SkewZ2,...,Z6 g(Z1,Z2)ıKω
(5)(Z3, . . . ,Z6)
− 5 SkewZ2,...,Z6 ω
(5)(Z1,Z2, . . . ,Z5)ω
(1)(Z6) (48)
ω(2) ∧ω(2)(Z1, . . . ,Z4) = −
6
5
SkewZ1,...,Z4 g(ıZ1ıZ2ω
(5), ıZ3 ıZ4ω
(5)) (49)
for all vector fields Z,W,Zi ∈ X(M), i = 1, . . . , 6, where Skew is skew-symmetrisation
with weight one.
Formulae in Proposition 20 are by no means exhaustive. We note that some of
our identities differ in sign from those in [15] and [16]; this is due to our conven-
tions on the metric, which is “mostly minus”, and Clifford algebras. Equation (46)
corrects equation (2.14) of [15] and equation (B.6) of [16].
The covariant derivative of the differential formswere also calculated in [15] and
[16]. They are summarised in the following.
Proposition 21. ([15, p. 6], [16, p. 5]) Let ε ∈ Γ($) be a Killing spinor on (M,g, F), with
associated Dirac current K = κ(ε, ε) ∈ X(M). Then:
∇Wω
(1)(Z) = 1
3
ω(2)(ıZıWF) −
1
6
⋆ω(5)(Z∧W ∧ F) (50)
∇Wω
(2)(Z1,Z2) = −
1
3
ω(1)(ıW ıZ1ıZ2F) −
1
3
ω(5)(Z1 ∧ Z2 ∧ ıWF)
+ 1
6
ω(5)(W ∧ Z1 ∧ ıZ2F) −
1
6
ω(5)(W ∧ Z2 ∧ ıZ1F)
− 1
6
g(W,Z1)ω
(5)(Z2 ∧ F) +
1
6
g(W,Z2)ω
(5)(Z1 ∧ F) (51)
∇Wω
(5)(Z1, . . . ,Z5) =
5
3
SkewZ1,...,Z5 ⋆ω
(5)(Z1 ∧ . . .∧ Z4 ∧ ıZ5 ıWF)
− 1
3
ω(2) ∧ ıWF(Z1, . . . ,Z5) −
1
6
⋆ω(1)(Z1 ∧ . . .∧ Z5 ∧W ∧ F)
− 10
6
SkewZ1,...,Z5 ⋆ω
(5)(Z1 ∧ Z2 ∧ Z3 ∧ ıZ4 ıZ5(W ∧ F))
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− 5
6
SkewZ1,...,Z5 ω
(2)(Z1 ∧ ıZ2 . . . ıZ5(W ∧ F)). (52)
In particular the exterior differentials of the forms are given by:
dω(1) = 1
3
⋆ (F∧ω(5)) + 2
3
⋆ (⋆F∧ω(2)) (53)
dω(2) = −ıKF (54)
dω(5) = ıK ⋆ F−ω
(2) ∧ F. (55)
From Propositions 20 and 21 we can immediately deduce the following result;
the important identity (57) already appeared in [15, p. 7].
Corollary 22. Let (M,g, F) be an 11-dimensional lorentzian spin manifold endowed with
a closed 4-form F ∈ Ω4(M). If ε ∈ Γ($) is a Killing spinor, then the associated Dirac current
K ∈ X(M) is an F-preserving Killing vector which satisfies
LKω
(1) = LKω
(2) = LKω
(5) = 0 (56)
and
ıK(d ⋆ F−
1
2
F∧ F) = 0. (57)
In particular if the Killing superalgebra k = k0¯⊕k1¯ is highly supersymmetric, then (M,g, F)
satisfies the Maxwell equation of 11-dimensional supergravity.
Proof. TheDirac currentK is aKilling vector, since (50) is evidently skew-symmetric
inW and Z. MoreoverLKF = dıKF+ ıKdF = dıKF = 0, by dF = 0 and (54). Equation
LKω
(1) = 0 is immediate, whereas
LKω
(2) = ıKdω
(2) = −ıKıKF = 0
LKω
(5) = dıKω
(5) + ıKdω
(5)
= −dω(2) ∧ω(2) − ıK(ω
(2) ∧ F)
= ıKF∧ω
(2) −ω(2) ∧ ıKF = 0,
using equations (44), (45), (54) and (55). Finally
0 = ⋆LKF = LK ⋆ F = dıK ⋆ F+ ıKd ⋆ F
= d(ω(2) ∧ F) + ıKd ⋆ F = dω
(2) ∧ F+ ıKd ⋆ F
= − 1
2
ıK(F∧ F) + ıKd ⋆ F = ıK(d ⋆ F−
1
2
F∧ F),
using (54) and (55). The last claim is a direct consequence of (57) and the surjectiv-
ity of the Dirac current. 
5.2. High supersymmetry implies the field equations. The main result of this
section is the following
Theorem 23. Let (M,g, F) be an 11-dimensional lorentzian spin manifold endowed with
a closed 4-form F ∈ Ω4(M). If the associated Killing superalgebra k = k0¯ ⊕ k1¯ is highly
supersymmetric (i.e., if dim k1¯ > 16) then (M,g, F) is a supergravity background; i.e., it
satisfies the bosonic field equations of 11-dimensional supergravity:
d ⋆ F = 1
2
F∧ F,
Ric(Z,W) = − 1
2
g(ıZF, ıWF) +
1
6
‖F‖2g(Z,W),
(58)
for all Z,W ∈ X(M).
The proof of Theorem 23 will occupy the remainder of this section, but before
we start let us remark that the theorem is sharp. Indeed, there exist lorentzian 11-
dimensional manifolds (M,g) with F = 0, which admit a 16-dimensional space of
parallel spinors and which are not Ricci-flat [2, 48].
Let us now turn to the proof of the theorem. From now on, we will use the
Einstein summation convention and consider the canonical isomorphism Λ•V ∼=
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Cℓ(V) of vector spaces. It sends a p-polyvector Θ = 1
p!
Θa1···apea1 ∧ · · · ∧ eap into
1
p!
Θa1···apΓa1...ap , where (ea) is any η-orthonormal basis of V and Γa1...ap the totally
antisymmetric product (with weight one) of the corresponding operators Γai ∈
Cℓ(V) of Clifford multiplication by eai ∈ V . Finally, we denote by [Ξ]p the p-form
component of Ξ ∈ Cℓ(V).
We begin with two useful lemmas.
Lemma 24. Let Θ ∈ ΛpV be a p-polyvector. Then
u · Θ = u∧Θ− ιuΘ and Θ · u = (−1)
p (u∧Θ + ιuΘ) , (59)
for all u ∈ V . In particular
trv,w v ·Θ ·w = (−1)
p+1(11− 2p)Θ, (60)
where trv,w is the tracing operation over v,w ∈ V .
Lemma 25. Let ϕ ∈ Λ4V be a 4-polyvector. Then
u∧ϕ = 1
2
(u ·ϕ+ϕ · u) and ιuϕ =
1
2
(ϕ · u− u ·ϕ), (61)
for all u ∈ V . Moreover
ϕ2 = ϕ · ϕ = ϕ∧ϕ+ [ϕ2]4 + ‖ϕ‖
2
1, (62)
where [ϕ2]4 = −
1
8
ϕabmnϕmn
cdΓabcd.
The identities in Lemmas 24 and 25 are obtained by routine calculations inCℓ(V).
We omit the proof for the sake of brevity.
So let us now fix a point o ∈ M and assume dim S ′ > 16, so that κ : ⊙2S ′ → V
is surjective and V ′ = V . We will abuse notation slightly by using F both for the
4-form as for the value at o, which is an element of Λ4V ∼= Λ4V∗.
We consider the [S ′S ′V ] Jacobi identity (32) and take the inner product with a
vector u ∈ V to arrive at
η(u,R(κ(s, s), v)w) = 2
〈
u · βFw · β
F
v · s, s
〉
+2
〈
u · βFw · s,β
F
v · s
〉
−2
〈
u · (Xvβ
F)(w, s), s
〉
,
for all u, v,w ∈ V and s ∈ S. Now the symplectic transpose of βFv =
1
24
(v · F− 3F · v)
is β˜Fv =
1
24
(3v · F− F · v), so that
η(u,R(κ(s, s), v)w) = 2
〈(
u · βFw · β
F
v + β˜
F
v · u · β
F
w
)
· s, s
〉
− 2
〈
u · (XFvβ)(w, s), s
〉
.
We now expand by using the definition of βF and the fact that
(Xvβ
F)(w, s) = βXvF(w, s) = 1
24
(w · (XvF) − 3(XvF) ·w) · s,
for all v,w ∈ V and s ∈ S. Dropping the Clifford multiplication · from the notation,
we arrive at
η(u,R(κ(s, s), v)w) = 2
(24)2
〈(
uwFvF− 3uFwvF− 3uwF2v+ 9uFwFv+ 3vFuwF
− 9vFuFw − FvuwF+ 3FvuFw
)
· s, s
〉
− 1
12
〈(uw(XvF) − 3u(XvF)w) · s, s〉 .
The Ricci tensor is obtained by “tracing” over v,w:
Ric(u,κ(s, s)) = trv,w η(u,R(κ(s, s), v)w)
= 2
(24)2
〈Υu · s, s〉−
1
12
trv,w 〈(uw(XvF) − 3u(XvF)w) · s, s〉 ,
(63)
where
Υu = trv,w
(
uwFvF− 3uFwvF− 3uwF2v+ 9uFwFv
+ 3vFuwF− 9vFuFw− FvuwF + 3FvuFw) .
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We treat the two terms in the RHS of (63) separately and in turn. First we expand
the Υ term by making use of (62) in Lemma 25 and the following traces, which are
a direct consequence of (60) in Lemma 24:
trv,w vFw = −3F
trv,w vw = −111
trv,w vuw = 9u
trv,w vF
2w = 5F∧ F− 3[F2]4 − 11‖F‖
2
1.
Therefore substituting this into Υu we find
Υu = −12u(F∧ F) + 12u[F
2]4 + 36‖F‖
2u + 3(u∧ F)F+ 3F(u∧ F)
+ 15(ιuF)F− 15F(ιuF) − 9FuF− 9 trv,w v(FuF)w.
Remember, though, that this expression appears in
〈Υu · s, s〉 = − 〈s,Υu · s〉 = −
〈
Υ˜u · s, s
〉
,
where Υ˜u is the symplectic transpose of Υu, so that
〈Υu · s, s〉 =
1
2
〈
(Υu − Υ˜u) · s, s
〉
.
Using that for Θ a p-polyvector, Θ˜ = (−1)p(p+1)/2Θ, we may thus replace Υu by the
following term
− 12u(F∧ F) + 12u[F2]4 + 36‖F‖
2u+ 6(u∧ F)F
+ 30(ιuF)F− 9FuF− 9 trv,w v(FuF)w.
Identities (59) in Lemma 24 allows to further expand this term, and keeping in
mind that only the skewsymmetric endomorphisms survive, we arrive at
1
24
(Υu − Υ˜u) = 4u∧ F∧ F+ u∧ [F
2]4 + 3‖F‖
2u− [(u∧ F)F]5
− 7[(u∧ F)F]1 + [(ιuF)F]5 − 5[(ιuF)F]1 .
Now observe that the 2nd, 4th and 6th terms add to zero, so that
1
12
〈Υu · s, s〉 =
〈
(4u∧ F∧ F+ 3‖F‖2u− 7[(u∧ F)F]1 − 5[(ιuF)F]1) · s, s
〉
and, from (61) in Lemma 25, we arrive at
1
12
〈Υu · s, s〉 =
〈
(4u∧ F∧ F+ 2‖F‖2u− 6[FuF]1) · s, s
〉
.
It is clear after a moment’s thought that
[FuF]1 =
(
α‖F‖2ηab + βF
2
ab
)
uaΓb,
for some α,β ∈ R, where
F2ab = η(ıeaF, ıebF) =
1
6
FamnpFb
mnp.
By taking F = Γ0123 and taking u = Γ0 and u = Γ5 in turn, say, we find that α = 1
and β = −2, so that in the end
2
(24)2
〈Υu · s, s〉 =
1
6
〈u∧ F∧ F · s, s〉 + 1
2
F2abu
a
〈
Γbs, s
〉
− 1
6
‖F‖2 〈u · s, s〉 . (64)
Now we tackle the other terms in (63). We first observe that (v,Xv) is a Killing
vector field which preserves F, by the geometric interpretation of the Killing super-
algebra in Sections 3.1 and 3.2. In particular the Lie derivative L(v,Xv)F = ∇vF +
XvF = 0 and hence XvF = −∇vF. Therefore,
trv,ww · (XvF) = −dF+ δF and trv,w(XvF) ·w = −dF− δF,
where dF is the exterior derivative and δF = − ⋆d ⋆ F the divergence. It follows that
− 1
12
trv,w 〈(uw(XvF) − 3u(XvF)w) · s, s〉 = −
1
6
〈u · (dF+ 2δF) · s, s〉
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and remembering that only the 1-, 2- and 5-form terms (and their duals) survive,
we finally arrive at
− 1
12
trv,w 〈(uw(XvF) − 3u(XvF)w) · s, s〉 = −
1
6
〈(u∧ dF− 2ιuδF) · s, s〉 . (65)
In summary, we add equations (64) and (65) to arrive at
Ric(u,κ(s, s)) = 1
2
F2abu
a
〈
Γbs, s
〉
− 1
6
‖F‖2 〈u · s, s〉
+ 1
6
〈(u∧ F∧ F− u∧ dF+ 2ιuδF) · s, s〉 . (66)
There are three kinds of terms which depend on s in equation (66): terms which
depend via the Dirac current, termswhich depend via the 2-form bilinearω(2) and
terms which depend via the 5-form bilinear ω(5) (see Section 5.1 for definitions).
The embedding⊙2S ′ ⊂ ⊙2S = Λ1V⊕Λ2V⊕Λ5V is in general diagonal, and the fact
that (66) has to be true for all s ∈ S ′ does not guarantee a priori that each of these
three terms satisfies the equation separately; although they do in the maximally
supersymmetric case when S ′ = S.
Notice however that the equation for the terms depending on the 5-formbilinear
is
〈(u∧ dF) · s, s〉 = 0, (67)
for all u ∈ V and s ∈ S ′. Similarly the equation for the terms depending on the
2-form (or, dually, the 9-form) bilinear is
〈(u∧ F∧ F+ 2ιuδF) · s, s〉 = 0, (68)
for all u ∈ V and s ∈ S ′. By hypothesis dF = 0, so that (67) is automatically satisfied.
By high supersymmetry andCorollary 22, theMaxwell equation of 11-dimensional
supergravity is also satisfied and this directly implies equation (68). This then boils
down equation (66) to the vanishing of the terms depending just on the Dirac cur-
rent, namely:
Ric(u,κ(s, s)) = 1
2
F2abu
a
〈
Γbs, s
〉
− 1
6
‖F‖2 〈u · s, s〉 , (69)
which, since κ is surjective, is nothing but the expected Einstein equation Ricab =
− 1
2
F2ab +
1
6
‖F‖2gab. Theorem 23 is hence proved.
As a corollary, we now show that the space ker ı∗ given in Lemma 7 vanishes if
dimS ′ > 16.
Corollary 26. Let a = h⊕S ′⊕V be a highly supersymmetric graded subalgebra of p. Then
ker ı∗ = 0. In particular a filtered deformation g of a has at most one admissible ϕ ∈ Λ4V .
Proof. We first note that ı∗ : H2,2(p−, p) → H2,2(a−, p) depends only on the negat-
ively graded part a− = S ′ ⊕ V of a. We can therefore assume without any loss of
generality that a = a− from now on, so that h = 0.
Now let ϕ ∈ Λ4V such that the corresponding class [βϕ + γϕ] ∈ H2,2(p−, p)
satisfies ı∗[βϕ + γϕ] = 0. In other words βϕ|V⊗S′ = γϕ|S′⊗S′ = 0. Also let g be the
filtered deformation of a determined by the brackets (6) and (12) with X = ρ = 0; by
construction g is a trivial realizable filtered subdeformation of p, with associated
admissible 4-polyvector ϕ. Triviality here refers to the fact that g ∼= a is actually a
graded Lie subalgebra of p.
It follows from Theorem 13 that the associated homogeneous lorentzian spin
manifold (M,g,Q, F), where Fo = ϕ, has vanishing Riemann curvature. It is also
highly supersymmetric so that, byTheorem23, it solves the bosonic field equations.
In particular, the Einstein equation says
0 = − 1
2
g(ıZF, ıWF) +
1
6
‖F‖2g(Z,W), (70)
for allZ,W ∈ X(M). Taking the trace overZ,W yields 0 = − 1
6
‖F‖2 so that both terms
in (70) have to vanish separately and g(ıZF, ıWF) = 0 for all Z,W ∈ X(M). Using a
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Witt basis for ToM it is then straightforward to see that this can only happen when
ϕ = Fo = 0. 
As we have had ample opportunity to see, filtered deformations g of graded
subalgebras a of p are not, in general, graded Lie subalgebras of p. By Corollary 26,
the unique highly supersymmetric background associated to graded subalgebras of
p is actually the Minkowski vacuum. In particular, the Minkowski vacuum is also
the unique highly supersymmetric background with vanishing flux F.
Corollary 26 fails to hold in the general case. There are indeed other supergrav-
ity backgrounds whose associated Killing superalgebras are graded subalgebras of
p. This is the case for some 1
2
-BPS solutions such as M2 and M5 branes, see e.g.,
[49], and it also seems to be the case for backgrounds asymptotic to the Minkowski
vacuum. Finally, any Ricci-flat 11-dimensional lorentzian spin manifold endowed
with a parallel spinor provides a low supersymmetric background with vanishing
flux F, cf. [2, 48].
6. Summary and conclusions
In this paper we have elucidated the algebraic structure of the Lie superalgebra
generated by the Killing spinors of an 11-dimensional supergravity background.
We have shown that it is a filtered deformation of a Z-graded subalgebra of the
Poincare´ superalgebra. (Parenthetically, this is not unique to 11-dimensional su-
pergravity, but it is known to be the case for the Lie algebra of automorphisms
of riemannian and conformal manifolds, as well as other supergravity theories.
Moreover it is also expected to be the case for conformal supergravities.) Together
with the (local) homogeneity theorem, which states that “highly supersymmet-
ric” backgrounds (i.e, those preserving more than half of the supersymmetry) are
locally homogeneous, this provides a new approach to the classification problem
based on the classification of the Killing superalgebras (or the Killing ideals) of
such backgrounds, which we have identified with a class of (odd-generated) real-
izable filtered subdeformations of the Poincare´ superalgebra. We have outlined in
purely algebraic terms the classification problem of Killing ideals of highly super-
symmetric supergravity backgrounds. It consists of two steps
(1) classify all the Lie pairs (S ′,ϕ) up to isomorphism; and
(2) for each such isomorphism class, consider all (R,X), where R is an (h =
h(S′ ,ϕ))-invariant algebraic curvature tensor and X : V → so(V)/h, such that
(i) the 4-form F defined by ϕ is closed;
(ii) the right-hand sides of (30) take values in h⊕ S ′ ⊕ V ; and
(iii) the three equations (32), (33) and (36) are satisfied.
Among the corollaries derived from this approach is the statement that high
supersymmetry (and dF = 0) imply the bosonic field equations. Hence we can be
sure that classifying (maximal, odd-generated) realizable filtered subdeformations
one classifies highly supersymmetric backgrounds.
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